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SPECTRAL ANALYSIS FOR THE GENERALIZED
HERMITE POLYNOMIALS

ALLAN M. KRALL

ABSTRACT. The operator theory associated with the Hermite polynomials does
not extend to the generalized Hermite polynomials because the even and odd
polynomials satisfy different differential equations. We show that this leads to
two problems, each of interest on its own. We then weld them together to form a

. . ... . . 2
united spectral expansion. In addition, the exponent # in the weight |x|2#e—*

has traditionally always been greater than —% . We show what happens if

u< —% . Finally, we examine the differential equations in left-definite spaces.

1. INTRODUCTION

The generalized Hermite polynomials {H,(,")};,“; o> given by

n -1

H)(x) = (” M ) (—1yr k22 x [k,
k=0

and

n 1
0 =3 (TR e e,
k=0

satisfy two differential equations
xy" +2(u - x*)y +[2(2n)x]y =0,

and
xy" 4+ 2(u—x3y +[22n + )x — 2ux""y,

resp. [1]. While they form a complete orthogonal setin L2(—o0, oo} |x|2"e"‘2) ,
u> —% . The presence of two differential equations precludes the existence of
an operator theoretic foundation such as found for the ordinary Hermite poly-
nomials, {H" oo found when u = 0. This should not be looked on as a
failure, however, but as a twofold opportunity. Indeed, both equations are sin-
gular, not only at oo, but also at 0, and so an operator theory may be developed
separately for each on (0, co), on which the even and odd degree polynomials
each separately form a compete orthogonal set.

It is this theory we wish to develop here not only for 4 > —1, but also

for u < —% . Then we wish to further extend it to what are called left-definite
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156 A. M. KRALL

spaces. These are generated by the differential equations as well, also involve the
first derivative, and are, therefore, Sobolev spaces. Because very much to follow
is closely related to known results, we will frequently merely give references for
proofs. We hope, however, to present a clear picture of what occurs.

We remark that the polynomials {H,(,”) (X)}2g, u< —% , have been examined
in a Krein space [5], where they also form a complete orthogonal set.

2. L? THEORY FOR THE POLYNOMIALS OF EVEN DEGREE

The classic orthogonality condition found in [1] becomes
| Y 0o dx = 2 T 4k D,
0

when the polynomials are of even degree, u > —% . The differential equation
in formally selfadjoint form

Iy = 5 [-(xe=2) (x#e=2y)] = (2n)y
can be put in Liouville normal form by setting
y=x"reX 2y,

The result is that / becomes isomorphic to

lu= —%(u” e —Dx72=2u—-1)+x*u) = 2n)u

on L?(0, co; 1). Examination of this expression quickly establishes that oo
is in the limit point case [2, p. 229]. That is, no boundary condition at oo is
required.

Further, the substitution ¢ = x? transforms the original differential equation

into ,
d?y 1 dy _
ta—2—2-+(§+,u—t)m+ny—0.
Letting o = u — 4, this is
d’y dy
IW+(1+a—t)E+ny—O,

the generalized Laguerre equation. As is well known [1, 11],
y=HP(x) = GLY (),

where C, = (—1)"22"n!.
Evaluation of the boundary ¢ = 0 is well known for the Laguerre polynomials
[4]. The polynomial generating boundary condition is

limt"‘“e"d—y =0.
1—0 dt

This is equivalent to

: 2u —de_y=__- 2u —xZW 11=0
e 92 — e Wi
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in the Hermite case. Clearly the even Hermite polynomials satisfy this boundary
condition at x =0.

The Laguerre boundary condition is needed (limit-circle case [2]) when —1 <
a < 1. This is equivalent to —} < # < 3. This is consistent with direct
findings, using the method of Frobenius: Indicial roots at x = 0 are r = 0
and r = 1 — 2u. The first indicial root, 0, generates a solution which is
in L2(0, 1; x*#¢=*") when u > —1. The second root, 1— 2u, generates a
solution which is in L2(0, 1; x2#e=*") when u < 3.

With this preliminary information, the even boundary value problem and
operator theory is easily described.

2.1. Definition. We denote by D, those elements y in L2(0, oo; x2“e"‘2)
which satisfy the following.
(a) y is absolutely continuous on all closed subintervals of (0, co).
(b) x2e=*"y' is absolutely continuous on all closed subintervals of (0, 00).
(c) ly = —L(x2#e~")"1(xMe~*"y') exists almost everywhere and is in
L0, co; xe=").
(d) lim,_ox2e~*y'(x)=0.

We define the operator L by setting Ly = [y forall y in D,.
2.2. Theorem. L is selfadjoint in L*(0, co; x*e=").

This is well known. The verification of this and many other related facts may
be found in [2, 10]

2.3. Theorem. The spectrum of L is discrete, consisting of the even integers
{2n}2,. Associated with the eigenvalue 2n is the eigenfunction Hz(ﬁ,‘)(x),
n = 0,1,---. These eigenfunctions form a complete orthogonal set in
L0, 0o; x2e=*").

Proof. 1t is sufficient to show that the even generalized Hermite polynomials
form a complete orthogonal set. Suppose there is an element z orthogonal to
them all. Then

(o)
/ ZO)HY (x)xM e dx =0, n=0,1,--.
0
We extend z to (—oo, 0) as an even function. Then

—00
/ ) HP (x)|x|#e ™ 'dx =0, n=0,1,--.
00

By rearrangement of terms, this implies

/ EXXPIH (x)e ™ dx =0, n=0,1,--,

(e ]

and so z(x)|x|* = 0 in L?(—c0, c0; e~*"). This implies z = 0 a.e. and
therefore also in L2(0, co; x2#e=*").
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2.4. Corollary. Let f be an element in L*(0, co; x2*e=*"). Let y bein D, .
Then

fx) =3 P (x),

n=0
- = C n
(L—4) If(x)=z znz_le(ﬁ)(x), A#2n,
n=0

where 2

o _ o SOHD e et de

2 29n=1plT(n+pu+1) ~
and .
Ly(x) = Z (2n)dy HY (x),

where

g o YOH Q)ee ¢ dE
T T AT (n+ u + 1)

3. L? THEORY FOR THE POLYNOMIALS OF ODD DEGREE
The classic orthogonality condition found in [1] becomes

3
2 )‘Smn ’

when the polynomials are of odd degree, 4 > —3/2. The differential equation,
in formally selfadjoint form,

-1
my = % [(xzﬂe""z) (— (xz"e"‘zy’)/ + 2ux2“‘2e"‘2y)] =(2n+1)y

can be put in Liouville normal form by setting

o0
/0 H{), (x) Hi (x x|~ dx = 2"\ nIT(n + p +

2
y = x"Fe* 2y,

The result is that m becomes isomorphic to
~ 1
mu=-> (u” - [/.t(/t +D)x72-(2u+1) +x2] u) =2n+1)u

on L%(0, oo; 1). Examination of this expression quickly establishes that oo is
again in the limit point case [2, p. 229]. That is, no boundary condition at co
is required.

Further the substitutions ¢ = x2, y = v/fz transform the original differential
equation into

z&+( +§—t)£+nz—0
az T\!T2 T e T
Letting a = 4 + 5, this is
d*z dz
tF+(1+a—t)E+nz—0,

the generalized Laguerre equation. As is well known [1, 11]
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Héln+l \/_L (t) ’
where C, = (—1)" 22”+1n!.

Evaluation of the boundary ¢ = 0 is well known for the Laguerre polynomials
[4]. The polynomial generating boundary condition is

lim t"“e“g—z =0.
=0 dt
This is equivalent to

: 2u ,—x? d_y_ - _Ni 2u ,—x2 —
)ICEI})X e (xdx ) )lcli%x e *Wly,x]=0

in the Hermite case. Clearly the odd Hermite polynomials satisfy this boundary
condition at x =0.

The Laguerre boundary conditions needed (limit-circle case [2]) when —1 <
a < 1. This is equivalent to —3/2 < -u < 1/2. This is consistent with the
method of Frobenius: Indicial roots at x =0 are r = 1 and r = —2u. The first
indicial root, 1, generates a solution which is in L?(0, l;le‘e‘xz) when u >
—3/2. The second, —2u, generates a solution which is in L2(0, 1; x2#e=x")
when u < 1/2.

With this preliminary information, the odd boundary value problem and
operator theory is easily described.

3.1. Definition. We denote by D, those elements y in L2(0, co; x*#e~*")
which satisfy the following.
(a) y is absolutely continuous on all closed subintervals of (0, 0o).
(b) xe~*'y' isabsolutely continuous on all closed subintervals of (0, co).
() my = —L(x#e=")=1((x2y') - 2u x2-2¢=%'y) exists a.e. and is in
L2(0, 0o ; xe™*").
(d) limeoxe=* (x y'(x) - y(x)) = 0.
We define the operator M by setting My = my forall y in Dy.

3.2. Theorem. M is selfadjoint in L*(0, co; x¥#e=*").
Proof. Again see [2, 10].

3.3. Theorem. The spectrum of M is discrete, consisting of the odd integers
{2n+1}32 . Associated with the eigenvalue 2n+1 is the eigenfunction Héﬁl,( ),
n = 0,1,---. These eigenfunctions form a complete orthogonal set in
L2(0, co; x2e™").

Proof. Comparing the proof of Theorem 2.3, the only change is that z should
be extended as an odd function.

3.4. Corollary. Let f be an element in L*(0, co; le‘e"‘z). Let y bein Dy.
Then

£ =S e HY, (),
n=0

Con+1
)7\ f = zZn s 2,,H()c) A#2n+1,
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where 2
o SO Q) e de
2n+1 = 24n+1 pi I‘(n +u+ 7)
and N
My(x) =3 _(2n + a1 Hyp), (),
n=0
where 2
g de YO (©)FHe ¢ dE
2n+1 =

241+ I T(n + pu + 3)

4. L? THEORY ON (—oc, 00)

We consider the Hilbert space L2 (—o0, 0o; |x|*e~*"/2), u > —1/2. Each
f in that space corresponds to two orthogonal functions

fe) = U )+ S(=3)), fo(x) = 5(f0x) = f(=x).

Collapsing the norms of f, and f; onto (0, oo), we have

JAT e "= [T 1o+ [ ooae s dx

Thus the Hilbert space on (—oo, co) is isomorphic to the tensor product of
L%(0, 0o; x%e~*") with itself. We identify with f on (—oo, oo) the vector
(%), each component defined on (0, o0).

We can define a matrix differential operator P by setting

(3 5)()- (45)

The domain of P is clearly those y for which y, is in D,, yy is in Dy.

The spectrum of P is discrete, consisting of the nonnegative integers. Eigen-

H(Il) oo . .
2n )} o with eigenvalues {2n}%°,
n=

vectors for P fall into two classes; {(
and {(H& )}ooo, with eigenvalues {2n + 1}%2,. We denote the first set by

{Ean}32g » the second by {Ezns1}52,-
For each f in L2(—o0, 0o; |x|*e~*"/2), we have

(£)-$oa0s

0

where
o = Jo L H; ©)He ¢ dE
= T an- 'n'I‘(n+/1+1) ’
and
A Jo fol 2n+1(¢)52”e_{2d‘f
2n+1 = .

24”+1n!F(n +u+3)
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If y is in the domain of P, then

Lye) -
Py = =§ nA,E,(x).
y (Myo ~ n n( )

For each f in Lz(—oo’ 00} |x|2#e-x2/2)
— A
(P=2)'f =) == En(x).
O
If f, and f; are added together, then

f(x)= fj Ay HP(x).

n=0
This addition of components, however, precludes the development of an oper-
ator theory except when u =0.
5. SHIFTED SPACES

Throughout the previous sections the requirement u > —1/2 or u > —3/2
was made in order to ensure that the Hermite polynomials were in the space
L?(0, co; x2#e~*). There is the age old question of what happens if x4 < —1/2
or u £ —3/2 instead. We show that a simple change in the dependent variable
changes the even differential equation into the odd differential equation, but
with the negative u now replaced by a positive parameter. Likewise the odd
differential equation changes into the even differential equation, but with the
negative u again replaced by a positive parameter.

The even problem. Let us consider the even equation
xy" +2(pu— x?)y' +[2(2n)x]y = 0.
If y=x"2*Y , the result is
xY" +2([-p] = XY +[22n + 2u)x = 2[-u]x~ 1Y = 0.
If 2n+2u=2r+1, and u = -v, the resulting equation
xY" 42w = x)Y' +[2Q2r+ )x —2vx~ 'Y =0

is the standard odd equation.
The standard odd boundary condition-at x =0,

limx% e~ (xY'(x) - Y(x)) = 0,

X —

is equivalent to the condition

lime ™" (x'(x) + [2u = 1y(x)) = 0.

It is easy to see that under the transformation y = x~2*Y, the space
L2(0, co; x2#e*") is isomorphic to L2(0, co; x2e~*"), where y = —v . Fur-
thermore, the operator / on y corresponds to the operator m —2u on Y.

Transforming the odd equation results from Y to y gives the following
when u < 3/2.
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5.1. Definition. We denote by D, those elements y in L2(0, co; x2#e~*")
which satisfy the following.

(a) y is absolutely continuous on all closed subsets of (0, c0).
(b) x2e=*"y' is absolutely continuous on all closed subintervals of (0, ).
() Iy = —L(xM#e=")~1(x2e~*"y') exists almost everywhere and is in
L2(0, oo; x2e=*").
(d) limy_oe™ (xy'(x) + [2p - 1y(x)) =
We define the operator L by setting Ly = ly forall y in D, .

5.2. Theorem. L is selfadjoint in L2(0, co; x2#e=*").

5.3. Theorem. The spectrum of L is discrete, consisting of the numbers {2n+
1 —2u}e . Associated with each eigenvalue 2n + 1 — 2u is the eigenfunction

x~2H{ ") 1(x), n=0,1,---. These eigenvalues form a complete orthogonal
2n+
set in LZ(O, 00; xMe—x’ ).

5.4. Corollary. Let f be any element in L*(0, co; x**e~*"). Let y bein D, .
Then

flx) = ZCznx‘z“Hz‘,.i‘% (x),

~ _ c _
(L-2)"'f(x) = 22n+2"+5ﬂ SX TR (x), A% 24120,

where
o ¢] 2
L@ (ERHGN Q) ) erede
Cont1 = 0 (n — g + 3/2) ’
and -
Ly(x) = 320 + 1 = 2u)don 1 x 2 HE, ¥ (x),
n=0
where

oIy (@) ereta
2n+1 = 24"+1n!F(n—,u+3/2) .

We remark that the transformation y = x!~2#z leads to the same results.

The odd problem. Let us consider the odd equation
xy" 4 2(u—x¥)y' +[22n + )x — 2ux~'y = 0.

If y=x~2*Y, the result is
xY" 4+ 2([-u] = x2)Y' +[2(2n + 1 + 2u)x]Y = 0.
If 2n+1+42u=2r and u = —v, the resulting equation
xY" +2(v —x3)Y' +[2(2r)x]Y =0

is the standard even equation.
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The standard even boundary condition

:dY
dx

—X

lim x%e =0,
x—0

is equivalent to the condition
lim e (y'(x) + 2ux""y(x)) = 0.
xX—

It is easy to see that under the transformation y = x~2*Y, the space
L?(0, oo; x2#e~*") is isomorphic to L2(0, oo; x¥e~*"), where u = —v . Fur-
thermore, the operator m on y corresponds to the operator / —2u on Y.

Transforming the even equation results from Y to y gives the following
when u < 1/2.

5.5. Definition. We denote by D, those elements y in L2(0, co; x*#e~*")
which satisfy the following.
(a) y is absolutely continuous on all closed subintervals of (0, co).
(b) xe=*'y" is absolutely continuous on all closed subintervals (0, 00) .
(c) my = —L(x2e~"")"1((x2e~*"y'Y — 2ux2~2¢~x"y) exists a.e. and is
in L0, co; x2#e=%").
(d) lime_oe™ ('(x) +2ux~'y(x)) = 0

We define the operator M by setting M y =my forall y in l~)0 .
5.6. Theorem. M is selfadjoint in L2(0, co; x2#e=*").

5.7. Theorem. The spectrum of M is discrete, consisting of {2n— 2;¢}°°0 As-
sociated with each eigenvalue 2n — 2u is the eigenfunction x‘z“H o ( ), n=
0,1,---. These eigenvalues form a complete orthogonal set in L*(0,00; x2#e=*").

5.8. Corollary. Let [ be any element in L*(0, co; x#e=*). Let y bein Dy.
Then

flx)= szznx-zﬂHé;Wx),

n=0

c: _ —
(M - 2)7' f(x) ZZn S HR (0, A am-

where
I 1@ (672 HW(@)) emeCde
Con = 2n=Tnl(n —p + 1) ’
and -
)= _(2n-2p) )Drax~#H{M (x),
n=0
where

oy (e @) e

n = 22=Tpll(n—p + 1)

We remark that the transformation y = x~1-2#z leads to the same results.
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6. LEFT-DEFINITE SPACES

A recent topic of interest has been the setting of the differential operators
such as / and m in a Sobolev space generated by the left side of the respective
differential equations, hence left-definite spaces. Results in this kind of setting
are now fairly well known (see [3, 4, 6, 7, 8, 9]), and so we merely state the
results as they apply to the Hermite operators / and m, rather than burden
the reader with unnecessary details.

The even problem. We add a constant & > 0 to the operator /, [, =[+k, so
that O is not in the spectrum of /,, and so the Sobolev norm we are about to
define will be a genuine norm. Thus for x> —1/2,

Ly = %(xz“e"‘z)"(—(xz"e"‘zy’)’ +2kxe=y).
I,y =(2n+k)y when y = HZ(’,?(x) . Recall that there is no boundary condition
required at oo. The boundary condition at x =0 is
lim x*e=*"y'(x) = 0.
x—0
Consider
o0 o0
/0 (hy)Zx¥e ™ dx = %/0 [~(x*e™%"y')'Z + 2kx* e~ yZ]dx.
Integrating the first term on the right by parts gives
——;—(xz“e"‘zy’)f|8° + %/0 [x2e~%"y'Z + 2kxMe ' yZ)dx.

We use the integral to define a new inner product and Hilbert (Sobolev) space.
We show that the first, integrated terms vanish at 0 and oo, provided /;,y and
z lie in the new space and y satisfies the boundary condition at 0.

6.1. Definition. We denote by H'(0, oo; %xz/‘e"‘2 , k x2e=*") the complete
inner product space generated by the inner product

W, 2)m = / [x2”e"‘ y'z +2kx2“e‘xzy7]dx.

We abbreviate the space name by H, .
6.2. Definition. We denote by ), those elements y in H! which satisfy the
following.

(a) y 1is absolutely continuous on all closed subintervals of (0, o).
(b) x2*e~*y' is absolutely continuous on all close subintervals of (0, co).
(c) Iy exists a.e. and is in H}.
(d) limy_ox2#e *y'(x)=0.
We define the operator .%; by setting .4,y = iy forall y in &, .

6.3. Theorem. Forall y in 9, and z in H},
lnmx *y(x)Z(x) =0,

lim x?*e "Zy'(x)f(x) =0.

X—00
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Proof. The limit at 0 follows from [9, Theorem 4.1]. The limit at oo follows
from [6, Theorem 6.1].
Theorem 6.3 establishes
6.4. Theorem (Dirichlet formula). For all y in 9, and z in H},

oo (o)
/ (Ly)Zx#e > dx = % / [x*#e™'y'Z' + 2k x*e~*'yZ)dx
0 0

In inner product notation this is
(L+k)y, 2)pp=(y, 2)p

Well-known machinery now establishes the following results, which we merely
state. References at the beginning of this section contain the proofs.

6.5. Theorem.
(@) Dy is dense in H] .
(b) & is selfadjoint in H} .
(c) &' exists and is bounded on H} .
(d) The spectral resolutions associated with the identity, .?j(“ and % are

the same as those associated with the identity, (L + k)™ and (L + k)
in Corollary 2.4.

A slight renorming of the Hermite polynomials {H2n (x)}52, 1s needed, but
the results are the same.

The odd problem. We add a positive constant k > 3 to the operator m,
my = m+ k, so that 0 is not in the spectrum of m; , and so that the Sobolev
norm we are about to define will be a genuine. We must assume that u > —1/2,
instead of the value —3/2 assumed earlier, so that the Hermite polynomials
{Hzy,1(x)}52, lie in the Sobolev space. Thus for u > —1/2,

mky——(x2"e-"> H—(x2e™%"p") 4+ Qux™=1 4 2k xM)e=*'y).

my = (2n+ 1+ k)y when y = Hz(‘,fi,( x). Recall that there is no boundary

condition required at oco. The boundary condition at x = 0 is
lim x*#e=*’ (xid—Ji - ) =0.
X
Consider
® 2 2 1 o0 2 2 2 2 2
/0 (mpy)zx*#e > dx = 5/0 [—(x%e "y Z+(2ux*~2 4+ 2kx*)e~ yZ]dx.
Integrating the first term on the right by parts gives

__(le‘e_x ’

/ [x2e~'y'Z + (2ux*~2 + 2kx)e~*"yZ]dx

We use the integral to define a new inner product and Hilbert (Sobolev) space.
We show that the first, integrated terms vanish at 0 and oo, provided myy
and z lie in the new space and y satisfies the boundary condition at 0.
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6.6. Definition. We denote by H'(0, oo; Lxe™", (ux2-24k x)e=*") the
complete inner product space generated by the inner product

¥, z)p = %/ X' y'Z + (2u x2-2 4+ 2kx*#)e* yZ)dx.
0

We abbreviate the space name by Hj .
6.7. Definition. We denote by Zj, those elements y in H} which satisfy the
following.
(a) y is absolutely continuous on all closed subintervals of (0, co).

(b) xHe=* y' is absolutely continuous on all closed subintervals of (0, o).
(c) myy exists a.e. and is in H/ .

(d) lime_ox2e (x4 —y) =0
We define the operator .#; by setting 4,y = m,y forall y in D,.
6.8. Theorem. For all y in 2y and z in H},

lim xe='y'(x)z(x) = 0,

lim x*e=*"y'(x)Z(x) = 0.
Proof. Both limits follow from [6, Theorem 6.1].
Theorem 6.8 establishes

6.9. Theorem (Dirichlet formula). For all y in Dy and z in H},
{o0) oo
/ (myy)Zx™ e dx = % / e y'Z + 2ux2=2 4 2kx™)e~"yZ]dx.
0 0

In inner product notation this is
(M +K)y, 2) =y, ).

Well-known machinery now establishes the following results, which we merely
state. References at the beginning of this section contain the proofs.

6.10 Theorem.
(@) Do is dense in H} .
(b) A, is selfadjoint in H} .
(c) 47" exists and is bounded on H} .
(d) The spectral resolutions associated with the identity, /Zk“ and M are

the same as those associated with the identity, (M + k)™' and M + k
in Corollary 3.4.

A slight renorming of the Hermite polynomials {H. (#)

one1 (X))o is needed, but
the results are the same.

7. LEFT-DEFINITE SHIFTED SPACES

It is in some ways not surprising that there is a left-definite theory for the
Hermite operators / and m when u < —1/2. However, if the details are
examined it becomes clear that the possibility has no guarantee. The problem,
of course, is that under most transformations the left-definite norm is no longer
a norm of the same kind. Luckily it is preserved in the Hermite cases.
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The even problem. We first note that, just as in the L? theory, when u < 1/2,
the operator

— 1 2u ,—x? -1 2u ,—x2 1 ! 2u ,—x?
lky—i(x e ) —(x e y)+2kx e Xy
is transformed by y = x~2#Y into
-1 /
MiypY = % (xz”e‘xz) (— (xz"e"‘2 Y’)
+ (21/)c2”‘2 +[2k + 41/]x2") e~ Y) ,
where y = —v.
The left-definite inner product is likewise transformed. When y = x~24Y ,
z=x"MZ,
% / [x24e=*'y'7 + 2k xMe~* yZ]dx
0

- % / [x2 e Y'Z + (20 X2 + (2k + 4v)x>)e ™ YZ]dx
0

e o]

+r(x¥le=*'YZ)

0
We shall show that the last term vanishes.

7.1. Lemma. Let Y be in Dy (Definition 6.7), and let Z be in H} (Defini-
tion 6.6). Then

. — 2
lm%)xz" le=*'YZ =0,
X—

lim x*~le=*’YZ = 0.

X—00
Proof. First examine the limit at 0, which must exist. Suppose it is not 0.
Then ,
lirr(l) x¥e X (xY'-Y)=0
X —

and ,
lim x*~le=™*'YZ =k #0.
x—0
We know (temporarily letting Y = Z ) that
lim x%~le=*'y2 = ky
x—0

and

. 2
lim x¥e % Z% = k,.
x—0

Thus k2 = kik,, and k = +1/k;k, . If either k; or k, is O, we are done. So

assume neither is 0. Then for any € > 0

x%e~ % (xY' - Y)
le/—le—xz Y2

—€ < <€

when x is close to 0. Thus
—€/x < (Y —xY")]Y? < €/x.
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Integrate from x to ¢ (both near 0).
€(lnx —Inc)<c/Y(c)—x/Y(x) <€(lnc —Inx).
This implies

[(?% +elnc) x7 1 —(e lnx)x"]_l

<Y(x)< [(757) - elnc) x4 (e lnx)x“]

But the lower bound approaches 0 through positive values, while the upper
bound approaches 0 through negative values. We have a contradiction.

-1

The limit of x2~le=*"|Y|? as x approaches oo also exists. If it is ky # 0,
then x%e~*'|Y|? ~ ky/x . Thus implies that
o0
/ x¥e > |Y)2dx = 00,
again a contradiction.

7.2. Definition. We denote by 5,“, those elements y in H}, u < %, which
satisfy the following.

(a) y is absolutely continuous on all closed subintervals of (0, 00).

(b) x2#e=*"y! is absolutely continuous on all closed intervals of (0, 00).
(c) I,y exists a.e. andisin H!, u<1/2.

(d) lime_ge™ (xy'(x) + [21+ 1]y(x)) = 0.
We define the operator .%; by setting .4y = [y forall y in gke.
We have established the following connection between norms:

7.2. Lemma. Let y bein D, and z bein H}. Let y = x"2Y , z = x"#Z,
u<1/2. Then, with p=—-v,

| e 2 ,—x2 1=t 28,5
A [x e ¥ y'Z + 2kx yz]dx
-3 / [x2e7Y'Z' + Qua™2 + (2K + 4v)x¥)e "' YZ] dx.
0

The second norm is equivalent to the norm in Hj with y=—v.
Now the last integral equals

/Ooo(mk+2,,Y)7x2"e‘x2dx.
If the shift is undone, this equals
/Ooo(lky)fxz"e‘xzdx.
In the L? setting, this corresponds to

/ (L + k)yzxMe > dx.
0

Assembling all this together, we have
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7.3. Theorem (Dirichlet formula). For all y in gke and let z be in H},
1< %, we have

o0 o0
/ (lky)?xz"e‘xzdx = % / [xz“e"‘zy'?’ + 2kx2”e"‘2y7]dx.
0 0

In inner product notation this is (L +k)y, z)p. = (y, )y -

We again employ the machinery of previous works to derive the following
results.

7.4. Theorem.
(a) D, is dense in H}.
(b) ,‘Z is selfadjoint in H} .
(c) _ZZZ“ exists and is bounded on H} .
(d) The spectral resolutions associated with the identity, 5’”,:‘1 and ,ZZZ are

the same as those associated with the identity (§ + k)~ and Z+k
in Corollary 5.4.

The odd problem. Here to we note that, just as in the L2 theory, when u <
1/2, the operator

iy = 3 (x%e=3) 7 (e Y'Y + (2 4 Zex)e )
is transformed by y = x~24Y into
Leany Y = %(xz"e"‘z)“ (—(xZe™™'Y") + (2k + 4v)x¥e~*'Y)

where u=-v.
The left-definite inner product is likewise transformed. When y = x~24Y
and z =x"2#Z,

% / [x2e="y'7 + 2ux*~2 + 2kx*)e~* yZ]dx
0
- % / xZeXY'Z + (2k + dvx?)e <Y Z]dx
0

[ee)

+r(x2-le=x’YZ)

0
We shall show that the last term vanishes.

7.5. Lemma. Let Y bein Dy, (Definition 6.2) andlet Z bein H} (Definition
6.1). Then

lim x2~le=*'YZ =0,

x—0

lim x>~ le=*'YZ = 0.

X—00
Proof. The verification of the second limit at oo is the same as in Lemma 7.1.
The first involves only a slight variation on the previous argument. We establish
that if

lim x*Y'(x) =0

X—
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and
lim x>~ 'Y?(x) =k #£0,

x—0
then for any € > 0
—€/x<Y'|Y*<¢€/x,

when x is close to 0. Integrate from x to ¢ to find
—€e(lnc—Inx)<Y(x)"' = Y(c)"! <e(lnc—Inx)
This implies
[1/Y(c)=€lnc—€elnx]"' < Y(x) <[1/Y(c)=€lnc+elnx]"".

but the lower bound approaches 0 through negative values, while the lower
bound approaches 0 through positive values. We have a contradiction.

7.6. Definition. We denote by §k0 those elements y in H}, u < %, which
satisfy the following.

(a) y is absolutely continuous on all closed subintervals of (0, o0).
(b) x2#e=*'y' is absolutely continuous on all closed subintervals of (0, 00).
(c) myy existsa.e. andisin H}, p< 1.
(d) lime_oe™ (¥ (x) +2ux~"y(x)) = 0.
We define the operator Z,: by setting /Z y=my forall y in @ko.

We have established the following connection between norms:

7.7. Lemma. Let y bein §k0 and z bein H} . Let y = x"2Y, z=x"%#Z,
< 3%. Then, with u=-v,

% / [xz“e"‘zy’?’ +Qux*? 4+ 2k xz")e"‘zyf] dx
0
_ % / [x*e¥Y'Z' + 2k + 40)x?e 'Y Z] dx.
0

The second is the equivalent to the norm in H}! with u=—v.
Now the last integral equals

[, o)
/ (s Y)Zxe " dx.
0
If the shift is undone, this equals
o 2
/ (myy)ze ™ dx.
0
In the L? setting this corresponds to

/ (M + k)yz x*e > dx.
0

Assembling this together, we have
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7.8. Theorem (Dirichlet formula). For all y in @ko and z in H}, p< 3%,
we have

(o o) o0
/ (mey)zxte™dx = % / [x2e=%"y'7 + 2ux*~2 + 2kx*)e~*" yZ]dx.
0 0

In inner product notation this is (M +k)y, z)p. = (y, z)H(; .

For the last time we employ the machinery of previous works to derive the
following results.
7.9. Theorem.
() Dio is dense in H}.
(b) M, is selfadjoint in H}.
(©) /Z“ exists and is bounded on Hj .
(d) The spectral resolutions associated with the identity, JZ:“ and /Z; are

the same as those associated with the identity, (M + k)~' and M + k
in Corollary 5.8.

8. THE MACHINERY DEVELOPED PREVIOUSLY

By now the author is sure the reader is rather frustrated with the lack of
proofs for many of the results stated and the reference to previous results. To
ease the frustration we give an outline of that theory.

We begin with the Dirichlet formula. We use L to denote an L? operator,
Z to denote its restriction to the appropriate H' space. So for y in D¢ and
z in H!',

(Ly, z)12=(y, 2)m
Note that the element z is rather arbitrary. Replacing z by £z, we have a
second Dirichlet formula
<Ly’ LZ)L2 = <y> 32}[1"
Since this also equals (Zy, z)y , we find
(.C/y, Z)Hl = (y, 3Z)H|.

< is symmetric.
Letting z=y, Ly=f, y=%f, where & represents the inverse of L in
L?, the Dirichlet formula gives

([ E€NL=(E&S,&Nm.
When || f|lz2 < k|| fllg, k > 0, thus implies
kI3 1Z e 2 1€ £ 113

If we divide by || f||%, and take the supremium over || f||z: , we have

1€ < KIE N2,

and so & is bounded on H'. Thus .% is a maximally extended symmetric
operator on H'!, and is therefore selfadjoint.
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We now have two spectral resolutions associated with L and .#. Let us
denote them by Sf and .#f. Both are in L?.
The Dirichlet formula establishes for f in H! and y in Dy,

(Ly,SHp=Ly, N=W, Nm =W, FNHim=(Ly, L

Hence (Ly,Sf - f);» = 0. Since {Ly} spans all of L2, Sf = % f ae.
and thus in L? and H!. There is only one spectral resolution.
We hope this outline is satisfactory.
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